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1. $N(\geq 2)$ ( ) .
2. $X=\{s_{1}, s_{2}, \ldots, s_{m}\}$ . $n$ $X_{n}(\in X)$
, $x_{n}$ $(n=0,1, \ldots, N)$ . ,
.
3. $U=\{a_{1}, a_{2}, \ldots, a_{k}\}$ . $u_{n}(\in U)$ $n$
$(n=0,1, \ldots, N-1)$ . $U_{n}$ : $Xarrow 2^{U}\backslash \phi$ , $U_{n}(x)$
, $n$ $\grave\grave$ $x$ .
$G_{r}(U_{n})$ $U_{n}(\cdot)$ :
$G_{r}(U_{n})=\{(x, u)|u\in U_{n}(x), x\in X\}$
4. $r_{n}$ : $G_{r}(U_{n})arrow \mathbb{R}(n=0,1, \ldots, N-1)$ $n$ . $n$ $x_{n}$
$u_{n}(\in U_{n}(x_{n}))$ $r_{n}(x_{n}, u_{n})$ .
$r_{G}:Xarrow \mathbb{R}$ . $N$ $x_{N}$ $r_{G}(x_{N})$ .
5. $p=\{p_{n}(\cdot|x, u)\}$ . $p_{n+1}(y|x_{n}, u_{n})$ $n$ $x_{n}$
$u_{n}$ , $X_{n+1}$ $y(\in X)$
. $X_{n+1}\sim p_{n+1}(\cdot|x_{n}, u_{n})$ .
6. $\Sigma^{(0,N)}$ $0$ $N$ .
$\Sigma^{(0,N)}:=\{\sigma=(\sigma_{0}, \ldots, \sigma_{N-1})|n=0,1^{\cdot},’..N-1\sigma_{n}(x_{0},.x_{n})\in U_{n}(x_{n})\sigma_{n}.X^{n+1}..arrow,U,,$ $\forall(x_{0},$
$\ldots$ , $\in X^{n+1},$ $\}$
$\sigma\in\Sigma^{(0_{1}N)}$
$n$ ,
$(x_{0}, x_{1}, \ldots, x_{n-1})$ $x_{n}$ $u_{n}=\sigma_{n}(x_{0}, x_{1}, \ldots, x_{n})$ .
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7. $\Pi^{(0,N)}(\subset\Sigma^{(0,N)})$ $0$ $N$ .
$\Pi^{(0,N)};=\{\pi=(\pi_{0}, \pi_{1}, \ldots, \pi_{N-1})|n=0\pi_{n}(x_{n})\pi_{n}.Xarrow.U1,..,N-1\in U_{n}’(x_{n}),$$\forall x_{n}\in X,$ $\}\cdot$
$\pi\in\Pi^{(0_{J}N)}$ $n$ ,
, $x_{n}$ $u_{n}=\pi_{n}(x_{n})$ .
1
, ( $=$ ) ( )
( ) ,
,






satisfying approach (Simon [14]). ,
. ,
[4, 10, 12, 13, 15, 17]. ,
, [16] .
, ,
- . , $x$
( ) .
Maximize $P^{\sigma}(r_{0}(X_{0}, U_{0})\leq\cdots\leq r_{N-1}(X_{N-1}, U_{N-1})\leq r_{G}(X_{N})|X_{0}=x)$
$P_{0}(x)$ subject to (i) $X_{n+1}\sim p_{n+1}(\cdot|x_{n}, u_{n})$ , $n=0,1,$ $\ldots,$ $N-1$
(ii) $\sigma\in\Sigma^{(0,N)}$
Po $(x)$ $\{P_{n}(x)\}$ . $n$
$(N-n)$ .
Maximize $P^{\sigma}(r_{n}(X_{n}, U_{n})\leq\cdots\leq r_{N-1}(X_{N-1}, U_{N-1})\leq r_{G}(X_{N})|X_{n}=x)$
$P_{n}(x)$ subject to $(i)’X_{t+1}\sim p_{t+1}(\cdot|x_{t}, u_{t})$ , $t=n,$ $n+1,$ $\ldots,$ $N-1$
(ii)’ $\sigma\in\Sigma^{(n,N-n)}$
, $\Sigma^{(n,N-n)}$ $n$ $(N-n)$ .





( ) . 2






Maximize $E^{\sigma}[r_{0}(X_{0}, U_{0})\cross\cdots\cross r_{N-1}(X_{N-1}, U_{N-1})\cross r_{G}(X_{N})|X_{0}=x]$
$P_{0}(x)$ subject to (i) $X_{n+1}\sim p_{n+1}(\cdot|x_{n}, u_{n})$ , $n=0,1,$ $\ldots,$ $N-1$
(ii) $\sigma\in\Sigma^{(0_{1}N)}$
, .
$\forall(x, u)\in G_{r}(U_{n}),$ $r_{n}(x, u)\geq 0$ , $n=0,1,$ $\ldots,$ $N-1$
$\forall x\in X,$ $r_{G}(x)\geq 0$
[5, 7, 9].
, Po $(x)$ , $n$ $(N-n)$ .
Maximize $E^{\sigma}[r_{n}(X_{n}, U_{n})\cross\cdots\cross r_{N-1}(X_{N-1}, U_{N-1})\cross r_{G}(X_{N})|X_{n}=x]$
$P_{n}(x)$ subject to $(i)’X_{t+1}\sim p_{t+1}(\cdot|x_{t}, u_{t})$ , $t=n,$ $n+1,$ $\ldots,$ $N-1$
$(ii)’\sigma\in\Sigma^{(n_{I}N-n)}$
2.1. $V_{n}$ : $Xarrow \mathbb{R}(n=0,1, \ldots, N-1)$ :
$V_{n}(x):=(i)’,$$(ii){\rm Max},$
$E^{\sigma}[r_{n}(X_{n}, U_{n})\cross\cdots\cross r_{N-1}(X_{N-1}, U_{N-1})\cross r_{G}(X_{N})|X_{n}=x]$
, $V_{N}$ : $Xarrow \mathbb{R}$
$V_{N}(x):=E^{\sigma}[r_{G}(X_{N})|X_{N}=x]$
. (Bellman ) .
$V_{N}(x)=r_{G}(x)$
$V_{n}(x)={\rm Max} r_{n}(x, u) \sum_{y\in X}V_{n+1}(y)p_{n+1}(y|x, u)u\in U_{n}(x)$ ’ $n=0,1,$ $\ldots,$ $N-1$
22. $\pi^{*}=(\pi_{0}^{*}, \pi_{1}^{*}, \ldots, \pi_{N-1}^{*})$ :
$\pi_{n}^{*}(x)\in\arg\max_{(u\in U_{n}x)}r_{n}(x, u)\sum_{y\in X}V_{n+1}(y)p_{n+1}(y|x, u)$





. $I_{n}\subset \mathbb{R}(n=0,1, \ldots N)$ , ( )
$I_{n}$ .
Maximize $P^{\sigma}(r_{0}(X_{0}, U_{0})\in I_{0},$ $r_{1}(X_{1}, U_{1})\in I_{1,}r_{G}(X_{N})\in I_{N}|X_{0}=x)$
$P_{0}(x)$ subject to (i) $X_{n+1}\sim p_{n+1}(\cdot|x_{n}, u_{n})$ , $n=0,1,$ $\ldots$ , $N-1$
(ii) $\sigma\in\Sigma^{(0,N)}$
, $I_{0}=I_{1}=\cdots=I_{N}=[c, \infty)$ [16] :
Maximize $P^{\sigma}(r_{0}(X_{0}, U_{0})\wedge r_{1}(X_{1}, U_{1})\wedge\cdots\wedge r_{G}(X_{N})\geq c|X_{0}=x)$
Po $(x)$ , $n$ $(N-n)$ .
Maximize $P^{\sigma}(r_{n}(X_{n}, U_{n})\in I_{n},$ $\ldots,$ $r_{G}(X_{N})\in I_{N}|X_{n}=x)$
$P_{n}(x)$ subject to $(i)’X_{t+1}\sim p_{t+1}$ $(. |x_{t}, u_{t})$ , $t=n,$ $n+1,$ $\ldots,$ $N-1$
$(ii)’\sigma\in\Sigma^{(n,N-n)}$
, $P_{0}(x)$ .
$E^{\sigma}[1_{I_{0}}(r_{0}(X_{0},$ $U_{0}))\cross 1_{I_{1}}(r_{1}(X_{1},$ $U_{1}))\cross\cdots\cross 1_{I_{N}}(r_{G}(X_{N}))|X_{0}=x]$
, $\overline{r}_{n}(x_{n}, u_{n}):=1_{I_{n}}(r_{n}(x_{n}, u_{n}))$ 2.1 $\cdot 2.2$ .





$V_{N}$ : $Xarrow \mathbb{R}$
$V_{N}(x):=P^{\sigma}(r_{G}(X_{N})\in I_{N}|X_{N}=x)$
. (Bellman ) .
$V_{N}(x)=1_{I_{N}}(r_{G}(x))$
$V_{n}(x)={\rm Max} 1_{I_{n}}(r_{n}(x, u)) \sum_{y\in X}V_{n+1}(y)p_{n+1}(y|x, u)u\in U_{n}(x)$ ’
$n=0,1,$ $\ldots,$ $N-1$
32. $\pi^{*}=(\pi_{0}^{*}, \pi_{1}^{*}, \ldots, \pi_{N-1}^{*})$ :
$\pi_{n}^{*}(x)\in\arg\max_{(u\in U_{n}x)}1_{I_{n}}(r_{n}(x, u))\sum_{y\in X}V_{n+1}(y)p_{n+1}(y|x,u)$




, $\lambda_{0}\in \mathbb{R}$ .
Maximize $P^{\sigma}(\lambda_{0}\leq r_{0}(X_{0}, U_{0})\leq\cdots\leq r_{N-1}(X_{N-1}, U_{N-1})\leq r_{G}(X_{N})|X_{0}=x)$
$P_{0}(x;\lambda_{0})$ subject to (i) $X_{n+1}\sim p_{n+1}(\cdot|x_{n}, u_{n})$ , $n=0,1,$ $\ldots,$ $N-1$
(ii) $\sigma\in\Sigma^{(0,N)}$
4.1. $\{\Lambda_{n}\}_{n=0}^{N}$ .
$\Lambda_{n}:=\{r_{n-1}(x, u)|u\in U_{n-1}(x),$ $x\in X\}$ , $n=1,2,$ $\ldots,$ $N$, $\Lambda_{0}:=\mathbb{R}$
$m$ $\Lambda_{1}$ , Po $(x;m)$ Po $(x)$ .
$\lambda_{n}\in\Lambda_{n}$ .
Maximize $P^{\sigma}(\lambda_{n}\leq r_{n}(X_{n}, U_{n})\leq\cdots\leq r_{N-1}(X_{N-1}, U_{N-1})\leq r_{G}(X_{N})|X_{n}=x)$
$P_{n}(x;\lambda_{n})$ subject to $(i)’X_{t+1}\sim p_{t+1}(\cdot|x_{t}, u_{t})$ , $t=n,$ $n+1,$ $\ldots,$ $N-1$
(ii)’ $\sigma\in\Sigma^{(n,N-n)}$
4.1. $V_{n}$ : $X\cross\Lambda_{n}arrow \mathbb{R}(n=0,1, \ldots, N-1)$ :
$V_{n}(x;\lambda_{n}):={\rm Max} P^{\sigma}(\lambda_{n}\leq r_{n}(X_{n}, U_{n})\leq\cdots\leq r_{N-1}(X_{N-1}, U_{N-1})\leq r_{G}(X_{N})|X_{n}=x)$
$(i)’,$ $(ii)’$
$V_{N}$ : $X\cross\Lambda_{N}arrow \mathbb{R}$
$V_{N}(x;\lambda_{N}):=P^{\sigma}(\lambda_{N}\leq r_{G}(X_{N})|X_{N}=x)$
. (Bellman ) .
$V_{N}(x;\lambda_{N})=1_{[\lambda_{N},\infty)}(r_{G}(x))$
$V_{n}(x; \lambda_{n})={\rm Max} 1_{|\lambda_{n},\infty)}(r_{n}(x, u))\sum_{y\in X}V_{n+1}(y;r_{n}(x, u))p_{n+1}(y|x, u)u\in U_{n}(x)$ ’
$n=0,$ $\ldots,$ $N-1$
42. $\overline{\sigma}_{n}^{*}:X\cross\Lambda_{n}arrow U(n=0,1, \ldots, N-1)$ .
$\overline{\sigma}_{n}^{*}(x, \lambda_{n})\in\arg\max_{(u\in U_{n}x)}1_{[\lambda_{n},\infty)}(r_{n}(x, u))\sum_{y\in X}V_{n+1}(y;r_{n}(x, u))p_{n+1}(y|x, u)$, $n=0,$ $\ldots,$ $N-1$ .
, $\lambda_{0}$ $m( \leq\min\Lambda_{1})$ $\sigma^{*}=(\sigma_{0}^{*}, \sigma_{1}^{*}, \ldots, \sigma_{N-1}^{*})$ :
$u_{0}^{*}=\sigma_{0}^{*}(x_{0}):=\overline{\sigma}_{0}^{*}(x_{0}, \lambda_{0})$ , $\lambda_{0}=m(m\leq\min\Lambda_{1})$
$u_{1}^{*}=\sigma_{1}^{*}(x_{0}, x_{1}):=\overline{\sigma}_{1}^{*}(x_{1}, \lambda_{1})$ , $\lambda_{1}=r_{0}(x_{0}, u_{0}^{*})$
$u_{2}^{*}=\sigma_{2}^{*}(x_{0}, x_{1}, x_{2}):=\overline{\sigma}_{2}^{*}(x_{2}, \lambda_{2})$ , $\lambda_{2}=r_{1}(x_{1}, u_{1}^{*})$
:.
$u_{n}^{*}=\sigma_{n}^{*}(x_{0}, \ldots, x_{n}):=\overline{\sigma}_{n}^{*}(x_{n}, \lambda_{n})$ , $\lambda_{n}=r_{n-1}(x_{n-1}, u_{n-1}^{*})$
:
$u_{N-1}^{*}=\sigma_{N-1}^{*}(x_{0}, \ldots, x_{N-1}):=\overline{\sigma}_{N-1}^{*}(x_{N-1}, \lambda_{N-1})$ , $\lambda_{N-1}=r_{N-2}(x_{N-2}, u_{N-2}^{*})$
Po $(x)$ .
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42. $\{\tilde{\Lambda}_{n}\}_{n=0}^{N}$ .
$\tilde{\Lambda}_{n}:=r_{n-1}(X_{n-1}, U_{n-1})$ , $n=1,2,$ $\ldots,$ $N$, Ao $:=\lambda_{0}$
43. $\{W_{n}\}_{n=0}^{N}$ $X$ $\Lambda_{n}$ :
$W_{n}:=X\cross\Lambda_{n}$ , $n=0,1,$ $\ldots,$ $N$
$\tilde{W}_{n}=(X_{n},\tilde{\Lambda}_{n})(\in W_{n})$ .
44. $\mathcal{A}_{n}$ : $W_{n}arrow 2^{U}\backslash \phi(n=0,1, \ldots, N-1)$ 1
$\mathcal{A}_{n}(w_{n}):=U_{n}(x_{n})$ , $\forall w_{n}(=(x_{n}, \lambda_{n}))\in W_{n}$
. $\lambda(w_{n})$ .
45. $\overline{r}_{n}$ : $G_{r}(\mathcal{A}_{n})arrow \mathbb{R}(n=0,1, \ldots, N-1)$ .
$\overline{r}_{n}(w_{n}, u_{n}):=1_{[\lambda_{n},\infty)}(r_{n}(x_{n}, u_{n}))$ , $(w_{n}, u_{n})=(x_{n}, \lambda_{n}, u_{n})\in G_{r}(\mathcal{A}_{n})$ .
$\overline{r}_{G}$ : $W_{N}arrow \mathbb{R}$ .
$\overline{r}_{G}(w_{N}):=1_{[\lambda_{N},\infty)}(r_{G}(x_{N}))$ , $w_{N}=(x_{N}, \lambda_{N})\in W_{N}$
46. $q=\{q_{n}(\cdot|w, u)\}$ .
$q_{n+1}(w_{n+1}|w_{n}, u_{n})=q_{n+1}((x_{n+1}, \lambda_{n+1})|(x_{n}, \lambda_{n}),$ $u_{n})$
$:=\{\begin{array}{l}p_{n+1}(x_{n+1}|x_{n}, u_{n}) \lambda_{n+1}=r_{n}(x_{n}, u_{n})0 otherwise\end{array}$
4. $1\sim 46$ , Po $(x;\lambda_{0})$ (i) $\bigcup_{n=0}^{N}W_{n}$
$\overline{P}_{0}(x;\lambda_{0})$ (i)
.
Maximize $E^{\overline{\sigma}}[\overline{r}_{0}(\tilde{W}_{0}, U_{0})\cross\cdots\cross\overline{r}_{N-1}($ Vl $N-1,N-1\cross\overline{r}_{G}(\tilde{W}_{N})|\tilde{W}_{0}=(x, \lambda_{0})]$
$\overline{P}_{0}(x;\lambda_{0})$ subject to (i) $\tilde{W}_{t+1}\sim q_{n+1}(\cdot|w_{n}, u_{n})$ , $n=0,1,$ $\ldots,$ $N-1$
$(ii)”\overline{\sigma}\in\Sigma^{(0_{2}N)}^{-}$
, $\overline{P}_{0}(x;\lambda_{0})$ $($ ii $)”$ $\Sigma^{(0,N)}^{-}$ , $X$
$\Sigma^{(0N)}$) :
$\Sigma^{(0,N)}^{-}:=\{\overline{\sigma}=(\overline{\sigma}_{0}, \ldots,\overline{\sigma}_{N-1})|n^{n}=0,1,N-1\overline{\frac{\sigma}{\sigma}}n(w_{0},.,.w_{n})\in \mathcal{A}_{n}(w_{n}),$$ orall(w_ 0}, \ldots, w_{n})W_{0}.\cross..\cdot\cdot.\cdot,\cross W_{n}arrow \mathcal{A}_{n},\in W_{0}\cross\cdots\cross W_{n}\}$
2.1 $\overline{P}_{0}(x;\lambda_{0})$ $\overline{P}_{0}(x;\lambda_{0})$ . ,
22 , Po $(x;\lambda_{0})$
, $X$ , $P_{0}(x;\lambda_{0})$ (ii)




. . 2 2 2
. 1 , 1 $s_{1}$
$x_{0}$ . , .
: $X=\{s_{1}, s_{2}\}$
: $U\equiv U_{0}(x)\equiv U_{1}(x)\equiv\{a_{1}, a_{2}\}$
: $r_{0},$ $r_{1)}r_{G}$
$r_{0}(x_{0}, u_{0})$ $r_{1}(x_{1}, u_{1})$ $r_{G}(x_{2})$
: $p=\{p_{n}(y|x, u)\}$
$p_{1}(x_{1}|x_{0}, a_{1})$ $p_{1}(x_{1}|x_{0}, a_{2})$
$x_{0}=si$
$p_{2}(x_{2}|x_{1}, a_{1})$ $p_{2}(x_{2}|x_{1}, a_{2})$
$x_{0}=s_{2}$
1: 2 2 2
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